FATIGUE OF STRUCTURES

A, O, Payne

1. Introduction

In analyzing the fatigue performance of structures
under service conditions, it is necessary to consider first
some basic problems that arise in the application of fatigue

data.

a. Fatigue Diagrams

The fatigue life of a specimen is dependent on two
parameters of stress, these being necessary to specify the
stress cycle completely. Fatigue data is therefore often
\presented in a fatigue diagram, with lines of constant fa-
tigue life drawn as functions of two suitably chosen stress
coordinates. For example, in aeronautical engineering, the
alternating stress - mean stress diagram is widely used since
the fluctuating flight loads are superimposed on a steady |
mean load due to the aircraft weight.

On the other hand, welded pressure vessels are sub-
jected to a small number (from 103 to 105) of applications of

relatively severe stresses, ranging from a minimum to a maximum
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which may exceed the yield stress. For this case the data

are most conveniently expressed as a maximum strain - minimum

strain diagram.

b. Criteria of Failure under Combined Stresses

In many structures the lcading in service induces
a system of combined stresses, and a criterion of fatigue
failure under these conditions is required. Since fatigue
cracks invariably occur at the surface of the material where
the normal stress is usually zero, the practical problem can
be simplified to a biaxial system of stresses.

In general, both a mean stress and an alternating
stress are applied and the problem concerns fatigue failure
under a biaxial system of constant principal stresses (glm,
) and a biaxial system of alternating principal stresses

%2m

(gla’ OZa)' In the most general case the mean and the al-
ternating principal stresses are not collinear so the direc-

tions 1m, 2m do not coincide with the directions la, 2a.

i. Criteria of Failure

The criterion for fatigue failure under combined al-
ternating stresses closely follows that for static failure.
The theory of failure states that a unique relationship exists
between fatigue life and the postulated function of the applied

system of stresses whether this be multi-axial or uni-axial.
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Three of the most common criteria that have been pos-
tulated are shown below, applied to a biaxial stress system

of principal stresses o Taking the uniaxial stress

1a’ %2a

at a particular life N as £ the criteria may be expressed

aN’
in dimensionless form and are compared in this way in Fig. 1.

(a) The maximum principal stress criteria:

Failure occurs at the life N when

ola = faN ; x = cla/fo =1
(1.1)
or G2a = faN 5 Yy = O2a/fo =1
(b) The minimum shear stress criteria:
Failure occurs at life N when
%1a T %2a " faN ;o x -y =1
= . = .2
or %14 faN ; X 1 (1.2)
or 92a faN ; y =1

(c) The octahedral shear stress criterion (or the
maximum shear strain energy criterion):
Taking the octahedral shear stress Toct given by

2 2 2 2

_— + -
Toct 3 loga %2a 912924/

the condition of failure is
2 2 2
+ - =
%1a %92a %1a%2a faN

2 2
x +y -xy =1

(1.3)
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LA
By rotating axes through an angle of z Eq. (1.3) is trans-

formed into

(1.4)

.
T

@?* &
This is an ellipse with semi-diameters / 2 and ‘Jlé .

It will be noted from the comparison of the above
theories of failure in Fig. 1 that the non-shear stress and
the octahedral shear stress agree rather closely and in fact
never differ by more than 16%. This is very significant in

relation to fatigue failure since this difference in stress

may correspond to a very large difference in fatigue life.

ii. Pailure under Alternating Stresses

For ductile metals the fatigue strength of polished
specimens shows good agreement with the octahedral shear
stress theory as illustrated in Fig. 2 by the data of Sau-
vert.

On the other hand, cast irons and hyper-entectoid
steels appear to follow the maximum principal stress criterion.
The fatigue strength for notched specimens is intermediate be-
tween the values predicted by the octahedral stress and the

maximum principal stress theories.
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The relatively close representation of the fatigue be-
havior in ductile materials by the octahedral shear stress
may be due to the fact that this stress corresponds to the
statistical average of the shear stresses on all slip planes

2
of a polycrystalline aggregate.

iii. General Criterion for Fatigue Failure

Accepting that fatigue damage is essentially due to
local slip reversals, the shear stress is a logical criterion
for failure under alternating stresses but the same reasoning
does not apply to the mean stress. Of the many theories pro-
posed for fatigue failure under multi-axial alternating and
mean stresses acting together, that proposed by Sines3 is
considered the best.

Sines has suggested that the effect of mean stress
is determined by the normal forces on the shear planes and is
such that the life is reduced when the forces are tensile and
increased when they are compressive. This is in general
agreement with data available since there is very little in-
fluence on the life due to a torsional mean stress when the
sum of the normal forces on the shear plane is zero.

Under this criterion the fatigue life under the stress
system (dla, cza), (clm, c’m) corresponds to that under the

<

uniaxial fatigue stress f + £ where
m - aN
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(1.5)

c (o 24, 2 y1/2

fon la 2a _ %1a%2a (1.6)

The relationship in Eg. (1.6) has been plotted in

non-dimensional form in Fig. 3 from which faN can be taken

g
directly. The ratio ~Lu gives a straight line through the

92u
origin of this diagram and its intercept with the ellipse
O1. 02
has co-ordinates < 2 _Z2a
a

£ > F > from either of which fa
N aN

N
can be determined. The required fatigue life N can there-
fore be obtained from an A-M diagram using these values

fm and faN'

2, Fatigue of Welded Construction

Weldable alloy steels are now being developed with
considerable increase in tensile strength over mild steel
and an even greater increase in yield stress, but with very
little improvement in fatigue strength in the welded condi-
tion. Combined with the notably poor fatigue performance of
welded joints this has drawn a great deal of attention to

the fatigue strength of welded construction.

a. Welded Joints

The fatigue characteristics of welded joints with par-

ticular reference to pressure vessels are briefly considered.
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i. Butt Welds

The butt weld has superior fatigue strength to other
types of welded joints and should be used whenever fatigue
strength is a major consideration. Fatigue failure is asso-
ciated with the stress concentration existing at the edge of
the reinforcement and involves the notch sensitivity of the
heat-affected zone.

However, it is well established that a much greater
improvement in fatigue strength is obtained.by reducing the
severity of the notch than by heat treatment. This is clearly
illustrated by the results of Newman4 reproduced in Table I,
where the fatigue strength of butt welds machined flush ap-
proaches that of the black plate.

- Longitudinal butt welds have fatigue strength similar

to that of transverse welds, provided the weld is continuous.

ii. Welds in High Strength Steels

Experimental data indicate that the fatigue strength
of welded joints in high tensile steels is not appreciably
higher than in mild steel. 1In a survey of available data
Mann5 reports that, except where the maximum stress of the
cycle approaches that of the ultimate tensile strength

(above 80,000 psi for these steels), welded low-alloy steels

show fatigue properties similar to mild steel.

-96-



Further results from a recent investigation by Fall
et al.6 on a 0.27% carbon steel and a high strength alloy
steel are shown in Table II. They found no significant dif-
ference in fatigue strength of the two steels even with vari-
ous welding techniques including the use of high strength
weld metal.

Similar results have been reported from the United
Kingdom and from Europe with the high strength steels B.S. 968
and S.T. 52. The British Specification B.S. 153:1958 "Steel
Girder Bridges" includes a specific note that "under certain
circumstances the fatigue strength of welded high tensile

steel may be the same as that of welded mild steel."

iii. Low Cycle Fatigue Strength

The fatigue of metals at endurances less than 10
cycles is termed low cycle fatigue and has recently received
much attention, particularly with reference to pressure ves-
sels. Two very good reviews of the subject are given by Yao

7 8 .
and Munse and Benham, from whom the following short summary

has been compiled.

(a) Effect of Yielding
At high stresses there is extensive yielding in the

notch and as cycling proceeds this affects the stress con-

centration in the following manner.
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(i) The ratio of maximum stress to the mean stress
of the cycle varies.
(ii) The geometry of the notch and hence the theoret-
ical stress concentration factor changes.
(iii) Changes occur in the stress-strain relationship
of the metal early in the life. Work-hardening in heavily

strained areas leads to non-uniformity of the material.

(b) Effect of Notches, Temperature and Corrosion

Although notches, elevated temperatures, and cor-
rosive atmosphere cause a reduction in fatigue strength,
the effect is not nearly so marked as at long fatigue life

under low stresses.

(c) Fatigue Data

Orowan postulated that in tests at a constant strain
amplitude ¢ the material ruptures when a critical value of
the total absolute plastic strain is reached. From this
basic assumption he derived the relation

¢ * N = constant (2;1)
An empirical modification from test results led to the ex-

pression

¢ - N' =C (constant) (2.2)

From various test results Coffin has established a value
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m = 1/2 and proposes the relationship

1/2

e + N = C (constant) (2.3)
However, there is disagreement on this and a survey of the
available data indicates that m varies appreciably.
Extrapolation of Eg. (2.3) to N = 1/4, correspond-

ing to ultimate tension failure with the true strain to

€
static fracture, gives EF. ¢ and hence

 t

1/2 €
e - n/ = = (2.4)
Marin has adopted an energy criterion of failure

from which he derives the relation

€
e ° Nl/2 = 7‘;; (2.5)

Numerous test data have indicated a practically
linear relationship between log ¢ and log N for values of N
less than lO4 cycles, thus confirming the form of Egs. (2.4)
and (2.5). The value for the exponent m = 1/2 is a good
approximation for a large body of the data and Eg. (2.5) has
been found to predict fatigue life fairly well for axial
strain at room temperature while Eg. (2.4) gives a more accu-
rate prediction of life for flexure tests at high temperatures.
In the absence of any fatigue test data an estimate
of the S-N curve can therefore be made using Eq. (2.4) or

(2.5) with the value of from a static tension test.

€t
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However, a much better procedure is to carry out fatigue
tests at two values of cyclic strain to determine the con-
stants m and ¢ in the general relation (2.2).

The effect on the S-N relationship of a mean stress

€, has been considered by Gerberich who suggests
N= [ 2 (2.6)
L . '

where et' is defined as the apparent fracture ductility.

This may be written in the form

€
which by comparison with Egq. (2.4) gives et' = 75- + e
Sachs has found good agreement with experimental data by

substituting e the total strain range for ¢, the plas-

TR’
tic strain range.
This relation only applies for a tensile mean strain
and it should be noted that the apparent fracture ductility
is a nominal value that cannot be determined directly by ex-
periment. However, it can be determined indirectly from

fatigue test data using Eq. (2.6).

(d) Effect of Rate of Cycling

In applications involving low cycle fatigue strength
the rate of cycling in service may be much lower than in

fatigue tests from which basic data are obtained. 1Indications
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are that the effect of cycling speed on fatigue life is rela-
tively minor. An investigation on A201 steel, for example,
showed a reduction of only 15% in life at 7 cycles per hour

as compared to the life at 12,000 cycles per hour.9

b. Fatigue Behavior of Welded Structures

Welded structures do not have the same complexity of
load distribution that occurs in riveted or bolted construc-
tion. However, the effect of local yielding at stress con-
centrators still occurs and preloading therefore has a bene-
ficial effect.

The general behavioral pattern is that cracks form
at the welds near points of stress concentration, growing
rapidly at first but then propagating more slowly as the tip
of the crack moves out of the area of severe residual stresses
induced by the weld.

In this respect a welded structure V is capable of
a marked "fail-safe" characteristic since the crack relieves
the residual stress system that initiated it. The poor fa-
tigue performance of welded connections can be improved in
some cases by the methods outlined in Appendix I.

i. Design Considerations

Every weld is a source of fatigue failure and the

number of welds in a design should therefore be kept to a
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minimum. This is illustrated by the development of the
welded steel press frame design referred to in Section 5b.

Weld attachments should be kept away from areas of
maximum stress and intermittent welds should be avoided wher-
ever possible. Intersecting welds or welding onto stressed
members that are in turn welded into the structure seriously
reduces the fatigue strength.

For optimum fatigue performance butt welds should be

used and where practicable the weld bead ground flushed.

c. Fatigue of Welded Pressure Vessels

Fatigue critical areas in welded pressure vessels are
at openings and attachments and the elastic stress concentra-
tion at these can easily exceed 4.0 as shown by a recent in-

vestigation by Bert and Atterbury.lo

i. Method of Analysis

Since the local stresses are in the plastic region,
the effect of local stress concentration is best represented

by the strain concentration factor Ke defined as:

< (strain range for failure at N cycles
K = in plain specimen)
(nominal strain range for failure at
€1 N cycles in notched specimen)

. . 11
From fatigue tests on pressure vessels Kooistra reports

that, provided the membrane stress in the shell is elastic,
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the strain range near stress concentrators levels off to a
constant value after a few cycles.

The strain concentration factor that results is there-
fore characteristic of the geometry and fatigue data from
small-scale components should be representative of dimen-
sionally similar full-scale details in a pressure vessel.

Fatigue data on various components has been obtained
by Kooistra9 by mounting the specimen onto a pressure chamber
and pressure cycling until failure. For this purpose the
test specimen consists of the component welded into a mount-
ing plate whose length and width are selected to give the
desired ratio of principal bending stresses to represent the
stress system in the surface of the membrane. In this way
the strain concentration factor Ke for various details in
Table III has been obtained from an e-N diagram for plain
specimens of the material.

The value of Ke can also be estimated by the maximum
elastic stress concentration factor, measured by electric
resistance strain gauges on the actual vessel. This would
be expected to follow from compatibility of strains, if the
shell remains elastic and the local strain range moves to a

constant value under fatigue loading.
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Having established the value of Ke the performance
of the detail in a full-scale pressure vessel can be esti-
mated. Given the stress range f in the membrane, the local

strain €q according to Kooistra's formula is

f
& T & K (2.7)

The life N, corresponding to the strain range s can
then be obtained from the basic e-N diagram of the material.
In fact a complete S-N diagram for the pressure vessel

e E

can be obtained by plotting £ = E?— versus N from the e-N
e

diagram. This gives the life to fatigue failure in the de-

tail under any membrane stress f.

3. Riveted Aluminum Allovy Construction

In a redundant structure of riveted construction the
local stress distributions which determine the initiation of
fatigue failure are complex and in fact change continually
under fatigue loading.12 This is due in the initial stages
to local yielding and rivet slip, but as fatigue loading con-
tinues attrition between the joint surfaces and continual
working of rivets have an increasing influence. As a result
the stress distribution at joints and the load distribution
between members change progressively throughout the fatigue

2
life.l If the structure is redundant this effect has a
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profound influence on the fatigue characteristics which can
only be satisfactorily determined by fatigue tests on the

structure rather than on individual components.

a. Mechanism of Fatigue Failure

The development of a fatigue failure in a complete
structure can be divided into three distinct stages.

i. The first stage is the initiation of a visible
crack and is designated as initial failure. 1In a non-redun-
dant structure this may occupy as much as 80% of the life
whereas in the "fail-safe" type of construction it should
occupy less than 20% to achieve the required characteristics.

ii. The second stage consists of crack propagation
aﬁ constant rate and generally includes the major part of
the crack propagation period.

iii. In the final stage the rate of crack propagation
progressively increases until complete collapse of the struc-
ture occurs. This is an unsafe region for any structure as
it is characterized by a progressive increase in the nominal
stress and by marked load redistribution.

These three stages are characteristic of fatigue fail-
ure under any type of loading squence as shown by the crack

propagation curves for Mustang wings in Fig. 4.
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The fatigue failure initiates from some stress con-
centrator, usually a rivet hole or bolt hole and extends
across the surface from one rivet hole to the next. The
nominal stress is substantially constant during stage (1)
of the failure and also during stage (ii) as evidenced by
the constant crack propagation rate, and increases during
stage (iii). Therefore, at all stages, the theoretical stress
concentration factor (Kt) at the failure is at least 3.0
based on the original nominal stress.

For example, a comparison of final failures in Mus-
tang wings with notched material data indicates effective
values of Kt ranging from 2.9 to 4.2. Therefore, for
riveted aluminum alloy construction, a value of Kt = 3.0
gives a useful measure of the optimum performance.

In fatigue testing of complete structures it is found
that failure may occur in a number of distinct areas and the
one that is most critical depends on the load range used in
the test.13 This is probably due to the changing load dis-
tribution under repeated loading. This explanation is con-
sistent with the fact that while no single parameter of the
loading cycle uniquely determines the critical region of

failure, the maximum load has the greatest influence.
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b. Correlation with Notched Material Data

In general, fatigue data on complete structures do
not show good agreement with data on notched specimens. It
is usually possible to assess an appropriate value of Kt
for a critical stress concentrator to provide comparison
with notched material specimens. Admittedly, the estimation
of the general stress level in the area is subject to error
but even if the stress level and theoretical stress concen-
tration factor are adjusted to give equivalence in life at a
particular stress it is found that the S-N curves for the
structure and the notched material have quite different
shapes. This is shown by the comparison between Mustang

wings and notched specimens of the component material in

Fig. 5.

c. Effect of Preload

A considerable increase in fatigue life results from
applying a preload, and the results on Mustang wingsl3 shown
in Fig. 6 illustrate the general effect. The improvement in
life increases with the value of the preload until an optimum
preload is reached at approximately 85% ultimate failure load
in this case. The improvement in fatigue life after a given
preload also increases as the maximum load of the fatigue

loading cycle is decreased.
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Preloading a redundant structure produces two main
effects in the tension surface.

i, The local effect of stress redistribution and
cold work of material around stress concentrators. This has
the beneficial effects of equalizing rivet loads, thus reduc-
ing a compressive mean stress and tending to raise the fa-
tigue strength by work hardening.

ii. The general effect of load redistribution between
redundant members.

In a complex structure the latter effect is most im-
portant and a simplified representation of the conditions is
shown in Fig, 7. In the preloading cycle the flexibility of
a heavily loaded member may be increased by rivet slip and
rivet rotations in the joints. The load extension curve is
thus modified from AB to ACC'B and in subsequent fatigue load
cycles a lower load is carried by this member at the expense
of the remainder. As shown in Fig. 7 this reduction in load
is relatively large at small loads but decreases as the pre-
load value is approached.

This model therefore explains the way in which the
increase in life due to preloading arises and how it varies
with the maximum load of the loading cycle. As mentioned

earlier, this process of load redistribution occurs to some

-108-



extent, even at moderate load amplitudes under prolonged re-
peated loading. An eXplanation also appears for the severe
effect of occasional negative loads (as in the ground-to-air
cycle) on a structure subjected to repeated positive loads.
In the presence of joint friction a negative load will tend
to reverse stress redistribution effects progressively intro-
duced by positive loading.

Load redistribution is not beneficial to fatigue life
if yielding in a connection relieves load from one member onto
another which is more severely stressed. Therefofe, while
the effect (i) is always beneficial, a stage may be reached
where effect (ii) becomes detrimental and finally counter-
balances (i). This explains the existence of an optimum pre-

load.

d. Characteristic A-M Diagram

In view of the unsatisfactory comparison with fatigue
data on the notched material fatigue results from a variety
of 24ST type aluminum alloy structures have been compared.
The nominal stress in the area of failure was determined in
each case and used to draw an A-M diagram which is repro-
duced in Fig. 8.

This diagram is based on 230 test values including a

total of 18 types of fatigue failure in eight different struc-
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tures, and statistical analysis has shown no significant dif-
ference between the fatigue results for these various types
of failure.

The probable explanation of this is that a complex
structure contains many stress concentrators in which the
severity is probably determined by the method of fabrication.
This would result in a characteristic severity of stress con-
centration, attending the initiation and propagation of fa-

tigue failure.

e. Cumulative Fatigque Damage

In estimating the service life of an aircraft struc-
ture the assumption of a linear accumulation of fatigue dam-
age provides a reasonable approximation when it is combined
with the assumption that fatigue damage is determined by the
total load variations in the sequence from maximum peak to
minimum trough. This is indicated by the results in Table IV
which were obtained on Mustang wings and notched material
specimens under various types of load sequence. 5,16

It will be seen that a complete structure performs
better than the notched specimens, probably due to the effect
of load redistribution by high positive loads in the sequence,

and also to the fact that there is a long period of crack

propagation through comparatively undamaged material.
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4., Estimation of Fatigue Life

Wwhatever design philosophy is adopted concerning fa-
tigue an estimate of fatigue life must be made for a complete
design analysis. The general method of calculating fatigue

life will therefore be considered.

a. Load History

Various types of fatigue loading are encountered in
service. The fatigue loads applied may be of constant ampli-
tude as generally applied in laboratory fatigue tests but
this is a rare case.

In most cases the load fluctuates in an irregular
manner as illustrated in Figs. 9(a) and 9(b). Fig. 9(a)
shows the wing bending stresses in an aircraft flying in
atmospheric turbulence and Fig. 9(b) shows the stresses in
a petrol tanker travelling on typical suburban streets.

It is not feasible to record the complete load his-
tory in these cases but a frequency distribution of load is
established from a large number of records. This may be pre-
sented as a histogram such as that shown in Fig. 18 for the
accelerations experienced by the road tanks (expressed as

the ratio of stress under applied load to stress under dead

weight load).
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Alternatively the data may be presented as a continu-
ous spectrum of relative frequency of exceedance such as that
shown in Fig. 10(a) for atmospheric gusts, combined with data
on the total frequency of occurrence such as that contained
in Fig. 10(b), which shows total gust frequency at various

attitud.es.l7

b. Fatigque Life Evaluation

Given the service load spectrum and appropriate fa-
tigue data for the structure, the average fatigue life may
be calculated according to the simple linear cumulative dam-
age rule as suggested in Section 3e.

If the service load spectrum is replaced by a number
of discrete loads Ll""L ""Lr with relative frequencies

S

f £ ,...fr the fatigue lives Nl""Ns"°'Nr corre-~

l’oous
sponding to these loads may be obtained from the S-N curve.

Assuming a linear accumulation of damage DT in any

time T in which there is a total number of cycles N

r n fs
D = % & = n, 3§ —
T oy s Ty N
With Dy = 1.0, n; = the life to failure (N) .
-~ 1
N = f (4.1)
5 ==
N
S
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It is convenient to define the damage density

where ALS is the load interval represented by any load Ls.
The damage density ¢, may then be plotted as a function of
alternating load to show the damaging effect of various loads
in the sequence. This procedure is very useful in designing
a representative fatigue test as illustrated by the example
in Appendix II.

It should be noted that in carrying out such damage
calculations for a symmetric spectrum the fluctuating load
sequence is automatically replaced by blocks of sine waves.
That is, the load cycles are obtained by combining the maxi-
mum peaks with the minimum troughs irrespective of their
position in the sequence. 1In more complicated cases where
the load spectrum is not symmetrical about the mean load,
it is necessary to ensure that this procedure is still fol-
lowed in representing the load sequence by a histogram of

equivalent loads as illustrated by the example in Section 5c.

c. Application to Aircraft Structures

In view of the difficulties outlined in Section 3 it
is considered that the present stage an accurate fatigue life

for a redundant structure can only be assured from a full-
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scale fatigue test. However, the mean life may be estimated
initially by the method discussed in Section 4b, using serv-
ice load spectra for the aircraft type and an S-N curve from
existing data. For redundant structures the A-M diagram of
Fig. 8 is recommended, and for pinjoints the representative
A-M diagram in Fig. 11 reproduced from Haywood.18

For single members in which the load is determinate,
fatigue data from notched specimens of an equivalent theo-
retical stress concentration factor are usually satisfactory
for the purpose.

To establish a safe performance of the structure,
it is necessary to specify the required safety level, which
may be defined in a number of ways as discussed by Lund-
berg.19 For aircraft the most important of these are:

a. The probability P of any airplane suffering
a fatigue failure within its operating life T. This defi-
nition is very useful when considering a particular fleet of
aircraft since P then defines the fraction.of the total
that would be expected to suffer fatigue failure. However,
in considering a given number of aircraft operating hours,
there is a disadvantage in that the expected number of fail-
ures depends on the safe life (T flying hours). Experience

indicates that in civil aircraft operation a value of

P = .001 is achieved.
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