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APPENDIX C
DERIVATIONS

Proposition 1.
fos<c < TR .<.€7 ( fobs)

Proofl.

To prove this relation, we use the equation below which follows directly from the
definition of a 100 y percent lower confidence bound when f,,, failures occur in a demonstration

test of length T, :

Jobs / i
e-TM/( (Tng [)

s 1!

= 1-}/
where
¢ A é,(fm).

Let g be the function of x > 0 defined by the left-hand side of the equation above with £ replaced
by x. Note g is a strictly increasing function of x > 0 since g(x) is the probability of obtaining
f.,, or fewer failures when the constant configuration under test has MTBF x.

[. First we shall show f,, Sc=>TR<{.

Thus, let f,,, <c. Suppose { <TR. Then

o .
g)<g(TR) = Ze—rm/rgw_

: !
=0 L

& = (T /TR)
< Ze—r,,m/TR ( :km.' )
i=0 1'

< 1=y

which is a contradiction since g(¢) =1—-y. Thus, TR < /.

II, Next we shall show TR <¢ = f,,, <c. Thus, let TR <¢. Suppose f,, >c. Then
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%e-TM/TR (T,./TR)'

2 ] = g(TR) < g(¢) = 1-r
i= :

Since f,,, > c, this contradicts the definition of ¢ (see Equation (5) in Section 2.1.2).
Thus, f,,, <c.
Proposition 2.

For each a<1, T>0, and M(T)>0, the corresponding distribution function of L,(N Y )
satisfies the inequality

Prob(L,(N,$)<M(T)) =

Proof.

Let f, denote the density function of W (defined by Equation (20) in Section 2.1.3)
corresponding to a<l, T>0, M(T)>0. By inequality (21) in Section 2.1.3,

Prob(L,(N,S) < M(T))

= ?{Prob(L, (N, 53 w)s M(T) £, (w)dw

0

v

V3 ?fw (w)dw

=7
Proposition 3.
For each a<1, T>0, and M(T)>0,
Prob(Z,(N,S)=x) = 0
for all real x.

Proof.

Let a<l, T>0, and M(T)>0. Clearly, L (N,S)20. Thus, we need to consider x> 0.
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Let L, (n,S) denote LY(N,S) conditioned on N =n. As shown in Appendix A of

Reference 7,

M,(T) [u"] )

M(T) 2n% )
where 77 is the chi-square random variable with v degrees of freedom.

Thus,

. 1 ATAY
i - (745

- __T_) 2
- 2/&12 A2

Then, by (12) in Section 2.1.3,

Le.,

oo - () )

Thus,

2
Prob (L,(n,S) = x) = Prob [132“ = ﬂz;;n)x ] =0

[t then follows that,

Prob (L, (N,S) =x) =

[Prob(v = )" S [Prob(L, (n, 5) = x)] Prob( = n)

n=1

= (), since Prob (N=0) > 0.

Proposition 4.



Type [1 = Prob(TR< L (N, S))<1-y foreach @ <1 and T >0 where M(T)=1R.
Proof.
Let @<1 and T >0 with M(T)=TR.
Then
Prob(TR< L, (N, S))=
Prob(L,(N,S)=7R) + Prob(TR<L,(N,5))
= Prob(TR < L,(N,S )), by Proposition 3,
=1- Prob(L,(N,S) < TR) < 1-y, by Proposition 2.

Proposition 5.

For a growth curve with parameters (o, T, M(T)), the expected number of failures (E(N))
can be determined by

T

EN = oM

Proof.

The observed number of failures by test duration t, denoted by N(t), is a non-
homogeneous Poisson process with N (T)= N and intensity function

- - Bl
A = go Aft

This implies that N is Poisson distributed with expected value
T

E(N) = jp(t) dt = AT’
0

By Equation (18) in Section 2.1.3,

Tﬂ

E - —_
™) (M(T)pT*
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This yields

EN) = —— - T
PM(T) (1-a) M(T)

Proposition 6.

For a growth curve with parameters (o, T, M(T)),

Prob (A; a, T, M(T)) =

ol s V]2
(1-e*)" ;{Prob(Z (n)>2ydﬂe (n!j

where # A E(N) and d A M(T)/TR.

Proof.

From (23) in Section 2.1.3 and (34),

Prob(4;2,T,M(T)) = Prob(Z,(N,S)>TR)

= [1-Prob(N=0)]" i[Prob (Ly (n,S) = TR)] Prob (N =n)

n=1

= [l-Prob(N =0)]" Zl I:Prob (( Z;J[ Z'ZE"H)J > TRH Prob (N =n)

= [1-Prob(N=0)]" nz:l:[nob{ ’1’(“x)>ﬂ(T ”prob(Nm)

Letting u A E(N) and d A M(T)/TR,

Prob(4;a, T, M(T)) =

_ -u A2n AM(T) -4 _/‘in.
(1-e*) ;{Prob(zy(’l)ﬂl 2)( T )[M(T)me [n!J
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