
Example
One—
Facility

Example
Two—
Facility

1. Experimental standard
deviation, kg~/sec (s)

2. Degrees of freedom (v)

3. Systematic error,

kg~/sec (B)

4. Uncertainty, kg~/sec

0.078 7

>30

0.245 7

0.40

0.076 2

>30

0

0.22

Annex B — Examples on estimating uncertainty in

open channel flow measurement

B.1 General

Evaluationof the overall uncertaintyof a flow in an
openchannelwill bedemonstratedby considering(1)
the velocity-areamethod and (2) the weirs method.

The methodof measuringthe flow is such that it is
impractical to eliminate interdependentvariables
from the equationbeforeestimatingflow uncertainty.
Therefore,it involves evaluationof the interdepen-
dentuncertaintiesspecifiedin 7.4. In addition,mea-
surementconditions often make it impossible to
obtain the replicate measurementsneeded for
evaluation of experimental standard deviations.
Thus,it is desirableto expressthe randomerrorsas
well as the systematicerrors as error limits. Under
theseconditions, it also is appropriateto assumethat
all the random error limits are equivalent to two
experimental standarddeviations. Under this as-
sumption,the randomerror limits canbe propagated
with each other by means of the sameroot-sum-
square formulas as the systematicerror limits (see
equations19-22).

B.2 Example one — velocity area method

B.2. 1 The equation for discharge in an open

channel — velocity area
The channel cross-sectionunder considerationis
divided into segmentsby m verticals. The breadth,
depthandmeanvelocity associatedwithanyverticali
are denotedbyb1, d~and V, respectively.(seefigure
18) TheproductQ1 b,d~representsanapproxima-
tion to the discharge(volumetric flow rate) in thei-th
segment.Thesumoverall segments,
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i-i (78)

Table 12 — Error comparisonsof examplesone
and two Q. = bd.

__________________________________________________________ ___________ 1=1 ‘ i—I ‘ (76)

representsanestimatedor observedvalueof thetotal
discharge.

If x and y are respectivelyhorizontal and vertical
coordinatesof all thepoints in the cross-section,and
A is its total area, then the precisemathematical
expressionfor Q~,the true volumetric flowrate (dis-
charge)acrossthearea,canbewritten as

ffA v(x,y) dx dy (77)

The true dischargeand the observeddischargeare
related by a proportionality factor representingthe
approximationof the integral equation (77) by the
finite sumequation(76), thus:

Q~= Fm Q~0= Fm Z

where

F~= [hA v(x,y) dx dy ] / L~b~d~~]

In practice, Fm can be evaluatedfrom analysis of
measurementsin which m is sufficiently largefor the
effects on Q~0of omitting verticals,in stages,to be
determined.Fm is subject to a randomuncertainty.

It may be convenient in practice to take an Fm
variation with m that is a meanvalue of valuesfor
sectionsof severaldifferent rivers, taken together.
Thenthe actualvariationsof Fm from river to river,
as comparedwith the meanedvariation, will involve
bothsystematicandrandomerrors.

Fm is dependenton the numberof verticalsm, and
tends to unity as m increaseswithout limit. Thus,
equation78 canbewritten approximatelyas

= ~ (b~d~)

t=1 (i9)

with increasingaccuracyasmincreases.

This last form is the onethat is given in Iso 748.
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B.2.2 The overall uncertainty of the flow
determination

It is plausibleto assumethat, at a given m, F andQ~
canbetreatedas independentvariables.

However, the Q1 in principle are not independentof
oneanother,sincethevaluecorrespondingto anyone
vertical will be related to the values of adjacent
verticals.Furthermore,thereis an interdependence
betweenthed~and V, correspondingto any particu-
lar vertical. Thus,applyingtheprinciplesfor combin-
ing randomerrors(seeclause5) anddenotingrandom
error by S, the following expressionfor SQ. the
uncertaintyof Q, can be derivedfrom equation78.

F SQ ~2 — f S~ 12
L Q~J — L Fm J

Zn / Q. \2

i—I ‘~tVO

I Sb. 12 1 Sd~ 12 1 S~12
Lb~i~La~i ~L~]

~Q2 ~ s~+~ [(-~—)sd~~]~(80)

whereS~arisefrom the interdependencebetweenQ1
and and S5~from theinterdependencebetweend1
and ~.

It is convenientto introduce the notation S’ for
relativerandomerror.

Thus Sbjbj is written S~.,SF /Fm is written S’F
and, ne~lectingS~,and Sd~,~uation (80)becom~’s

S’~= St.I- ~ (S’~,~÷S’~,+S’~)

If the relativeerrorsS’bareall nearlyenoughequal,of
value 5’b~’andsimilarly for the S’~and S’d~, then

S’~= S’~÷( S’~+ S’~+ S’~) ~ (Q1/Q~0)2

If the verticalsareso locatedthat Q1 Q~,0/m,then

~

In multi-point velocity-area methods, velocity is
measuredat several points on a vertical, and the
meanvalueis obtainedby graphicalintegrationor as
a weighted average.The latter treatment can be
expressedmathematicallyfor aparticularvalueas

(81)

= ~

where the w~are constantweighting factors. The
suffix i that identifies the particular vertical is
omittedto simplify the symbolism.Thepointsusually
arechosensothat Z w~= 1. This equationcanalso
representthe single-pointmethod, by taking k = 1.

In all cases,the estimates~ socomputedaresubject
to errors.Theseerrorsaredueto improperplacement
of the meterat depthandto deviationsof the actual
velocity profile from thepresumedprofile. The effect
of these errors can be expressedby means of a
multiplicative coefficient P analogousto the coeffi-
cient F~usedfor similar purposesin equation (78).
The sameanalysis that led to equation (80) then
yields the following expressionfor relative random
errorof theaveragevelocity ~:

S~= S’2 + S’2 I (w~v~V p v ~I
k pVp)

in which S’ denotesrelative random error in the
subscriptvariable,v is measuredpoint velocity, and
the ratio of wv-sums expressesthe variability of
weighted~~elocityover thedepthof thevertical,Fora
uniform k-point velocity profile, this ratio would
equal 1/k. For an extremelynon-uniform profile, in
which a single term dominatedall the others, the
ratio would equal 1. The latter value is adopted,at
leastfor small k values,for the sakeof conservatism,
with theresult

Si = S~÷S~

This choicealso helpsto representthe effect of any
unaccounted-forcorrelations among point-velocity
errorsin thesamevertical.

In practice,therandomerror in thevelocity measure-
ment at a point is assumedto be due to a meter-
calibrationrandomrelativeerror,S’~,togetherwith a
streampulsationrandomerror S’e. Thenthe random

(82) relativeerrorforpoint velocitiesis

sc~= s,~+ s’~

The correspondingrandomrelativeerrorfor average
velocity in theverticalis
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Si = S~+ S’~+

B.2.3 Calculation of uncertainty

It is required to calculate the uncertainty in a
current-metergaugingfrom the followingparticulars:

Number of verticals used 20

Exposuretime of current
meterat each point in
the vertical 3 mm

Number of points taken in
the vertical (single
point, two points, etc.) 2

Type of currentmeter rating
(individual or group) individual

Average velocity in measuring
section above 0.3 rn/s

Detailsof procedureare describedin ISO 748.

The randomand systematicerrors arecombinedby
the root-sum-squaremethodas statedin 8.3, i.e., if
S’Q and B’Q are the percentageoverall random and
systematicrelative errors respectively,then U’Q, the
percentageuncertaintyin the currentmetergauging,
is

U’Q = \i( 2S’~)2 + B’~and U’Q~= B’Q + 2S’Q

B.2.3.1 The error equationusedfor evaluatingthe
overallrandomerroris (seeequation(82).)

S’Q ‘I ‘° 1= S;+-(S’~÷S’~÷~’2~
L~~)

where

S’Q is theoverallpercentagerandomerror

S’m is the percentagerandom error due to the
limited numberof verticalsused;

5
b is the percentagerandomerror in measuring

width of segments;

S’d is the percentagerandomerrorin measuring
depthof segments;

S’~ is thepercentagerandomerror in estimating
theaveragevelocity in eachvertical

Zn ± + 5~+ Si
I.,

(seeequation(85))

where

S’~, is the percentageerrordueto limited number
of points takenin the vertical (in thepresent
examplethe two-point methodwasused,i.e.,
at 0.2 and0.8 from the surfacerespectively);

S’~ is the percentageerror of the current meter
rating (in thepresentexamplean individual
rating was usedat velocities of the order of
0.30m/s);

5
’e is the percentageerror due to pulsations

(error due to the random fluctuation of
velocity with time; thetime of exposurein the
presentexamplewasthreeone-minuteread-
ingsof velocity.)

The percentagevaluesof the abovepartial errorsat
the95%confidencelevelaretabulatedin B.2.3.2.

The equationfor calculatingthe overall systematic
erroris

B’Q = ~jBi + B’~+ B’~

where

B’Q is the overall percentagesystematicuncer-
tainty in discharge;

B’b is the percentagesystematic error in the
instrumentmeasuringwidth;

B’~ is the percentagesystematic error in the
instrumentmeasuringdepth;and

B’d is the percentagesystematic error in the
currentmeterratingtank.

The systematicerrors in the current metergauging
are confined to the instrumentsmeasuringwidth,
depth andvelocity andshouldbe restrictedto 1% as
shownin B.2.3.2.

(83)
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Discharge
(Combined)uncertainty,U’Q

95(Combined) uncertainty,U’Q
99

Random error (2S’Q)
Systematicerror (B’Q)

Gaugedhead,h
Breadthof weir, b
Crestheight, P
Coefficientof discharge,Cd
Coefficientof velocity, Cv

(Q) me/s
5.9%
7.4%
5.7%
1.7%

0.67m
lOrn
im
1.163
1.054

= 1.7%

The combination of both random and systematic
errors then gives the overall percentageuncertainty
in discharge,U’Q.

Taylorseriesanalysisof thedischargeequationyields
the following uncertaintyequations,which can be
usedforbothrandomandsystematicerrors:

0,2 ~t2 1’) c~\2cw2
~0~c,+0b~~/h)

0
h

B.2.3.2 The values of the error elementsaffecting
uncertainty in discharge are tabluated below as
percentageerrors at the 95% confidencelevel. The
numerical values are taken from ISO 748. It is
recommended,however, that each user determine
independentlythevaluesof the errorsfor anypartic-
ularmeasurement.

Table 13 — Error elementsaffecting uncertainty in
discharge

UQ Zn ~/(2S’Q)2+ B’~ U’~~= B’Q + 2S’Q

= ~j572
+ 1.72 Zn 1.7+ 57

Zn 5~9% Zn 7,4%

B.2.3.3 The discharge measurementmay be ex-
pressedin thefollowing form:

Error source Units

(2S’)
random

error
limit

(2S95%)

(B’)
percentage
systematic

error
limit

Fm, numberof verticals

b, segmentwidth

d, segmentdepth

numberof profile
points

v~,meter calibration

Ve, meter exposuretime

—

m

m

rn/s

rn/s

rn/s

5.0

0.5

0.5

7.0

2.0

10.0

—

1.0

1.0

—

1.0

—

Then, the overall randomerrorin dischargeis given
by

Uncertainties calculated in accordancewith ISO
5168.

B.3 Example two — weir measurement

&3. 1 Weirdata

It is required to calculate the discharge and the
uncertaintyin dischargefor a triangularprofile weir
giventhefollowing details:(seefigure19)

Zn 2~]~

Zn 4~i~1~(0.25+0.25÷49÷4+100)

Zn 5~7%

The overallsystematicerroris

B’Q Zn ~12 + 12 + 12

Thedischargeequationis

Q Zn (2/3)3/2 CdC~.,j~b h312 (84)

Details of the procedureare describedin ISO 4360.

B.3.2 Uncertainty equations
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and

8.3.3 Evaluation of discharge and uncertainties

The values of the error elements affecting this
problem are tabulatedbelow as error limits at the
95% confidencelevel.Thenumericalvaluesare based
on information givenin ISO 4360.It is recommended,
however,that eachuserdetermineindependentlythe
valuesof the errorsfor anyparticular measurement.
(Seetable14) -

B’ Zn ‘B’2 + B’~+ (3/2)~B’~Q ‘~
(85)

in which S’ and B’ denotepercentageerrors of the
subscriptvariables.

Hejd gaugingsection - -

3 tO4h,,,,~

Slope 1 5 —

Figure 19 — Triangular profile weir

Table 14 — Error elementvalues

Variable Units
Nominal

value

(2S’)
random
error
limit

(2S:95%)

-

(B’)
systematic

error
limit

h

b
.

CdC~

g

m

m

—

m/s
2

0.67

10.00

1.226

9.81

0.003
0.45%

0.

0.5%

0.

0.003
0.45%

0.01
0.1%

1.5%

0.
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Substitutionof the nominal valuesinto the discharge

equationyields

Q = (3/2)3/2 x (1.226) x ~J~Ix 10 x (0.67)3~’2

Zn 11.46m3
1/s

Evaluationof the randomerrorsyields

2S’Q = 1(05)2 + (3/2)2(0.45)~

= 1.65%

- Combining the randomandsystematicerrors by the
root-sum-square(RSS)methodyields

U’Q95 = ~J(2S’~+ B’~ U’Qw Zn B’Q +

= ~(0.84)2+ (1.65)2 = 1.65 + 0.84

= 1.85% Zn 2.49%

Uncertainties calculated in - accordancewith ISO
5168.

Annex C — Small sample methods

C.1 Student’s t.

When the experimentalstandarddeviation is based
on small samples(N � 30), uncertaintyis definedas:

U~D Zn B + t95S

U~8= ~JB2
+ (t95S)2

For these small samples, the interval

— t95S/~N,X + t95S/~’N] will contain the true

unknownaverage,~t, 95% ofthetime. If thesystemat-
ic error is negligible, this statisticalconfidenceinter-
val is the uncertaintyinterval. t95 is the 95thpercen-
tile point for the two-tailedStudentst-distribution.
For small samples,t will be large, and for larger
samplest will be smaller,approaching1.96as a lower
limit. The t-value is a function of the number of
degreesof freedom(v) usedin calculatingS. Since30
degreesof freedom (v) yield a t of 2.05 and infinite
degreesof freedom yield a t of 1.96, an arbitrary
selectionof ~ Zn 2 is usedfor simplicity for valuesof v
from 30 to infinity. Seetable15.

C.2 Degrees of freedom for small samples

In a sample,the numberof degreesof freedom(v) is
thesamplesize,N. Whenastatisticis calculatedfrom
the sample,the degreesof freedom associatedwith
the statistic is reducedby one for every estimated
parameterusedin calculatingthestatistic.Forexam-
ple,from a sampleof sizeN, X is calculatedandhas
N degreesof freedom,andthe experimentalstandard
deviation,5, is calculatedusingequation(1), andhas
N-i degrees of freedom because X is used to
calculateS. In calculatingother statistics,morethan
onedegreeof freedommay be lost. For example, in
calculating the standarderror of a curve fit, the
numberof degreesof freedomwhich are lost is equal
to the numberof estimatedcoefficientsfor the curve,
N —2.

When all random error sourceshave large sample
sizes(i.e.,v~> 30) the calculationof is unnecessary
and 2 is substituted for t95. However, for small
samples,whencombiningexperimentalstandardde-
viationsby theroot-sum-squaremethod(seeequation
(20) for example),the degreesof freedom(v) associ-
atedwith the combinedexperimentalstandarddevia-
tions is calculated using the Welch-Satterthwaite
formula (88).

(86)

(87)

Zn 0.84%

Evaluationof thesystematicerrorsyields

B’Q Zn ~~‘(1.5)~+ (0.lf + (3/2)z(0.45)~

B.3.4 Presentation of results

ThedischargeQ maybereportedasfollows:

Discharge 6m
3

/s
(Combined)uncertainty,U’Q

95
%

(Combined)uncertainty,U’Q~ 2.5%
Randomerror (2S’Q) 0.8%
Systematicerror (B’Q) 1.6%
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(±~S2)2
j—1 i—i

VZn

3 K

j~1 i-i ~ii

Degreesof Degreesof
freedom t

9~
freedom

1 12.706 17
2 4.303 18
3 3.182 19
4 2.776 20
5 2.571 21
6 2.447 22
7 2.365 23
8 2.306 24
9 2.252 25

10 2.228 25
11 2.201 27
12 2.179 28
13 2.160 29
14 2.145
15 2.131
18 2.120

C.3 Propagating the degrees of freedom

The Student’s t value of table 16 to be used in
calculatingthe uncertaintyof the test result (equa-
tions (86) or (87)) is based on Vr, the degreesof
freedom of Sr. If the degreesof freedom of any
measurementstandarddeviationis less than 30, the
degreesof freedomof theresult also maybe less than
30. In suchcases,the following small samplemethod

may be usedto determineVr• This is definedfor the
absoluteexperimentalstandarddeviation according
to the Welch-Satterthwaiteformulaby:

Vr =

±(9, S1, )4

i-I Vp~~ (92)

For example:the degreesof freedomfor the calibra-
tion experimentalstandarddeviation (S1) given by
equation(20), is:

(~)~

~ S~
i-I ~il

________ (S~~÷S~÷S~
1

÷S~1)2 (89)
S4

54 S4
54

_~~!!.+ + + If thetestresult is anaverage,X, basedon a sample

(88) of sizeN,

wherev~1is the degreesof freedomof eachelemental 5- =

experimentalstandarddeviation in the calibration X (90)
process.

As ..,/F.~ is a known constant,the degreesof freedom

Thedegreesof freedomfor the measurementexperi- of S~is thesameasS, i.e.

mentalstandarddeviation (S), as given by equation -

(21) is: =

(91)

Table 15 — Two-tailed student’s “t” table

SMALL SAMPLE METHODS
Degre~esoffreedom<30

tea

2.110
2.101

2.093

2.086
2.080
2.074
2.089

2.064
2.060
2.058
2.052

2.048

2.045
1.98

Two-tailed student’s“I.’ table

t-..-ts ts.-...

~

30 or moreuse2.0
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andfor the relativeexperimentalstandarddeviation
by:

Vr Zn

where

(Sr/r)4

(9~S
1

,../F1)4

Vpr

Sr Zn \/E (0~S~)2

NOTE: The degreesof freedomfor the relativeand -

absoluteexperimentalstandarddeviationsare identi-
cal.

Welch-Satterthwaitedegreesof freedommaycontain
fractional, decimal parts. The fractions should be
droppedor truncatedas roundingdown is conserva-

(93) tive with Student’st, i.e. v = 13.6shouldbe treatedas
VZn 13.0.

Annex D — Outlier treatment

D.1 General

Zn (N~— i)

-J

E

0.

(94)

All datashouldbe inspectedfor spuriousdatapoints
as a continuingcheck on the measurementprocess.
Pointsshouldberejectedbasedon engineeringanaly-
sis of instrumentation,thermodynamics,flow profiles
andpasthistorywith similardata.To easethe burden
of scanninglarge massesof data,computerizedrou-
tines are available to scansteady-statedataandflag
suspectedoutliers.Theflaggedpointsshouldthen be
subjectedto anengineeringanalysis.

The effectof theseoutliers is to increasethe random
error of the system.A testis neededto determineif a
particularpoint from a sampleis an outlier. The test
should consider two types of errors in detecting
outliers:

(1) Rejectinga gooddatapoint
(2) Not rejectingabaddatapoint

and the degreesof freedom of the experimental
standarddeviation(Sr.) of the independentmeasure-
mentsisusuallygivenl~y:

All measurementsystemsmay producespuriousdata
points.Thesepointsmay be causedby temporaryor
intermittent malfunctions of the measurementsys-
tem or they may representactualvariations in the
measurement.Errors of this type should not be
included as part of the uncertaintyof the measure-
ment.Suchpointsaremeaninglessas testdata.They
shouldbe discarded.Figure 20 showsa spuriousdata
point calledan outlier.

Spurious Data Point

x
— — — — — — — — S S — — — — — — — S a

X - x ~ Thandom
_X Error~ X ~ X X X X~X X - Limits

— x ~ — __
S — — a — a S S S S S — a a

Figure 20 — Outlier outsidethe range of acceptabledata
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The probability for rejectinga good point is usually Table 16 — Rejectionvaluesfor Grubbs’ method
set at 5%. This meansthat the oddsof rejectinga
good point are 20 to 1 (or less).The oddswill be
increasedby setting the probability of (1) lower.
However, this practicedecreasesthe probability of
rejectingbaddatapoints.The probabilityof rejecting
a goodpoint will requirethat the rejectedpointsbe
further from the calculatedmeanandfewer baddata
points will be - identified. For large sample sizes,
severalhundredmeasurements,almost all baddata
pointscan b~identified. For small samples(five or
ten),baddatapointsarehardto identify.

One testin common usagefor determiningwhether
spuriousdataareoutliersis Grubbs’Method.

D.2 Grubbs’ method

Consider a sample (X1) of N measurements.The
mean (X) and an experimentalstandarddeviation
(S) arecalculatedby equation(1). Supposethat (X~)~
thej-th observation,is the suspectedoutlier;then,the
absolutestatisticcalculatedis:

I X.-XTflL ~s

Using table 16, a value of T~is obtained for the
samplesize (N) and the 5% significance level (P).
This limits the probabilityof rejectingagoodpoint to
5%. (Theprobabilityof not rejectingabaddatapoint
is not fixed. It will vary asa function of samplesize.

The test for the outlier is to comparethe calculated
T0 with thetableT0.

If T~calculatedis larger thanor equalto T0 table,we
call X3 anoutlier.

If T0 calculatedis smallerthanT~table,we sayX~is
notanoutlier.

Sam
size

pie
N

5%
(1-sided)

Sample
size

5%
(1-sided)

3 - 1.150 20 2.56
4 1.46 21 2.58
5 1.67 22 2.60
6 1.82 23 2.62
7 1.94 24 2.64
8 2.03 25 2.66
9 2.11 30 2.75

10 2.18 35 2.82
11 2.23 40 2.87
12 2.29 45 2.92
13 2.33 50 2.96
14 2.37 60 3.03
15 2.41 70 3.09
16 2.44 80 3.14
17 2.47 90 3.18
18 2.50 100 3.21
19 2.53

26 79 58 24 1 —103 —121 —220
—11 —137 120 124 129 —38 25 —60
—148 —52 —216 —12 —56 89 8 —29
—107 20 9 —40 40 2 10 166
126 —72 179 - 41 127 —35 334 —555

suspectedoutliers are334 and-555(underlined).

To illustrate thecalculationsfor determiningwhether
-555is anoutlierfrom figure 21.

—555 — 1.125
= 140.8136 Zn 3~95

from table16 usingGrubbs’Methodfor N Zn 40 ® 5%
level of significance(one-sided),

T Zn 2.87

Therefore,since3.95> 2.87

(T~,~)> (T,~bl)

—555 is an outlier accordingto Grubbs’test.

D.3 Example

In the followingsampleof 40 values,

Mean (X)
Exp. Std. Dcv.

Sample Size

Zn 1.125
= 140.813 6
Zn 40
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Suspected
outlier

Calculated
Tn

Table Tn
P5

Sample
size
(N)

Experimental
standard

deviation(s)
Mean

X
—555 3.95 2.87 40 140.8 1.125

334 2.91 (stop) 2.86 39 109.6 15.385
—220 2.33 2.85 38 97.5 7.000

aa.

Figure 21 is a normal probability plot of this data
with the suspectedoutliersindicated.In this case,the
engineeringanalysisindicatedthat the—555 and334
readingswereoutliers,agreeingwith the Grubbs’test
results.

Figure 21 — Resultsof outlier tests

Annex E — Statistical uncertainty intervals

It is usually impossibleto determinethe statistical
distribution of the systematicerrors(~)becausethey
are usually subjectivejudgments, i.e. not basedon
data. However, if thereis information to justify a
distribution assumption,it is possibleto userigorous
statisticalmethodsto calculatethe uncertaintyinter-
val. The validity of this assumptionmust be left to
the judgementof the reader. The purposeof this
annexis to describethe methods,given the assump-
tion.

E.1 Assumed systematic error distribution

If it is assumedthat the systematicerrors (B) are
actuallythe maximumpossibleupperandlower limit
of thetrue, unknownsystematicerror (13), andthat 13
is equallyprobableanywherewithin the limits, then
thestandarddeviationof the systematicerrormaybe
determinedby

B
=

As depictedin figure22.

(95)

600

~ ..3~Re1ot~.
Mean 1.125000

- Std. 0ev. 140.8¶3b

- N - 40
Data a Not Normal

at 90 PCI. Confidence

-400

-600

1

~

• G

,
.~—

-800

iFl~l~ti [I
~.01 0.1- 1 lii

Cumulative Frequency . Percent
99.99

F,
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The validity of this assumptioncannotbe provedor Student’st andthe Welch-Satterthwaiteapproxima-
disproved.It is a matterof judgement. tion will beneededas describedin annexC.

E.2 URSS E.3 UADD

The systematicerror limit of the measurementresult With the additive model of uncertainty,theassumed
maybecalculatedasbefore distribution doesnot affect the answer.The system-

atic error,B, is still determinedas equation(~6)and

B Zn ~ (9.B.)2 there is no advantageto calculating a standard
‘V (96) deviationof systematicerror.

Theexperimentalstandarddeviationofthe systemat- U~D Zn B + t85s
ic errorisestimatedas: (99)

s — B E.4 Monte Carlo exampleB (97)

To illustratethe CentralLimit Theorem,thesumof a
random sample from each of the ten rectangular
distributions with means zero was repeated1000
times. In setsof three, thedistributions hada Zn 0.5,

(98) 1.0, 2.0 respectively,and the tenth, a Zn 4.0. If the
tendencytoward normality and the Monte Carlo
simualtionwerebothperfect

Figure 22 — The
the limit B.

>~

z

assumedfrequencyrectangular distribution of the systematicerror (13) as a function of

49

Theuncertaintyis

URSS Zn ~J(1.645S8)2 +

for large samples, where S is the experimental
standarddeviationof therandomerror.

Assumingthereare many sourcesof systematicand
randomerrors,~ay ten or more, the Central Limit
Theoremstatesthat sumsof samplestakenfrom any
distribution(s)will tendtowardnormality.Therefore,
the true error (ö) shouldbe distributedas a normal
distribution with standarddeviation equal to the
root-sum-squareof the systematicandrandomerror
experimentalstandarddeviations.This will be illus-
trated in E.4. If small samplesareusedto estimate
the randomerror experimentalstandarddeviations,

a Zn V3(0.52÷1.02+2.02)+42

= 5.585. -

The averageS for 1000 trials was S Zn 5.671. The
resultsareshown in figure 23. Thebell shapeof the
normal distribution is apparent.A goodness-of-fit
testcould not reject normality at the 90% level of
confidence. .- -

—B i~1EASLTRE~NTSCALE
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L)
Z 20.00
uJ

D
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z

10.00

LU
a-

—20.00 -‘15.00
- OS/2a/83 15,30,12 BGR

Figure 23 — Distribution of sum of 10 rectangular systematicerrors

Annex F: Uncertainty interval coverage

Introduction

A rigorous calculation of confidence level or the
coverageof the true value by the interval is not
possiblebecausethedistributionsof systematicerror
limits, based on judgement, cannot be rigorously
defined.Monte Carlo simulationof the intervalscan
provide approximatecoverage5basedon assuming

- varioussystematicerrorlimits.

F. 1 Simulation results

As the actualsystematicerror andsystematicerror
limit distributionswill probablyneverbeknown, the
simulationstudieswerebasedon a rangeof assump-
tions. The resultof thesestudiescomparingthe two
intervalsare:

* Coverageas usedhereinis the propOrtion of Monte Carlo trials
where the measurementuncertainty interval containsthe true
value.

50

20.00 25.00 ~

a) U99averagesapproximately99.1%coverage
while U95 provides95.0%basedon system-
atic errorlimits assumedto be95%.

For 99.7% systematic error limits, U99
averages99.7%coverageandU95,97.5%.

b) The ratio of theaverageU99 interval sizeto
U95interval size is 1.35:1.

c) If the systematicerror is negligible, both
intervals provide a 95% statistical confi-
dence(coverage).

d) If the random error is negligible, both
intervals provide 95% or 99.7% depending
on the assumedsystematicerrorlimit size.

25.00.

aIDEAL = 5.585

°Bl—B3 0.5
— a

84
_

86
— 1.0

aB7B9 2.0

c~BlO 4.0

1000 TRIALS

CALC = -0.0075
= 5.67

5.00

0.00

—‘10.00 —~.00 0~00
SUM

5~00 10.00
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AssumptionsandSimulationCasesConsidered

(1) From 3 to 10 errorsources,bothsystemat-
ic andrandom

(2) Systematicerrors distributed both nor-
mally andrectangularly

(3) Randomerrordistributednormally

(4) Systematicerror limits at both 95% and
99.7%for boththenormalandthe rectan-
gulardistributions

(5) Samplestandarddeviationsbasedon sam-
ple sizesfrom 3 to 30

(6) Ratio of randomto systematicerrors at
1/2, 1.0and2.0.

F.2 Non-symmetrical interval

If thereis a non-symmetricalsystematicerror limit,
the uncertainty(U) is no longer symmetricalabout
the measurement.The interval is defined by the
upperlimit of the systematicerror interval (B)~.The
lower limit is defined by the lower limit of the
systematicerror interval(B). (seeclause7.3)

Figure 24 shows the uncertainty(U ) for non-sym-
metricalsystematicerrorlimits. (Seetable17.)

Zn B~+ t95S

U=B_t95S

(100)

(101)

Table 17 — Uncertainty intervals definedby
non-symmetricalsystematicerror limits

B B~ t
95

s,

U~
9

(Lower limit
for U)

U,
(Upper limit

for U)

0 deg K +10 deg K 2 deg K —2 deg K +12 deg K

—3 Kg +13 Kg 2 lb —7 Kg +17 Kg
o 1~a +7 P3 2 P3 —2 ~a

—8 deg K 0 degK 2 deg K —10 deg K +2 deg K
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Measurement

Largest Negative Error.
(B — t95 S)

Uncertainty Interval

(The True Value Should Fall Within This Interval)

Figure 24 — Measurementuncertainty;non-symmetricalsystematicerror
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